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1. We shall study a quasilinear vibration system with two degrees of
freedom
an'my + @1 Tp + @1+ ¥z = PFy (1, T2, T1 72 B) (1.1)
g 71 Fagg¥s -+ oy -+ oty = PPy (@1, 73, 21,72 Y)
The functions F; and F, are assumed to be analytic in their arguments
in some region of their variation. The quantity p is a small parameter.
The generating system (with g = 0) is a linear conservative system with
constant coefficlents, where a;o = ay;, ¢35 = Cgy.

Let us assume that the frequency equation of the generating system

e — olan 1y —— ®iags |

N = 1.2
Co1 — @221 Cyp — G¥agy (h-2)

has only positive roots. There are three cases possible: the vibration
frequencies are different and commensurate, different and non-commensu-
rate, and equal.

2. Let us look more closely at the case of different and commensurate
frequencies. Let Bj@0; = Ry0, Where L] and m, are positive integers. In
this case there exists a periodic solution of the generating system with
a frequency @, and a period 1b

o, = 2 _ 02 2n
0 mg T my’

Let us assume that the original nonlinear system (1.1) has a periodie

solution with a period T = Ty + a, which becomes the generating solution
with g = 0. Let us construct this solution.
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The solution of the generating system can be represented in the form
B,
xmm:Aw%mJ+7£§nmt+Eﬂwwﬂ
B
Zo (1) = p1 (AO cos wy -} F: sin w1 t) + peFy cos wat (2.1)

Terms with sin w,t do not enter the solution for an appropriate choice
of measuring time t. The values p, and p, are determined by the formulas

n—w,2a Co1 — @2 ag
prs—__l..l._._f_u:____zl__"__z__ r=1, 2 (2.2)

12— ©,% a1z Co2— 0,7 Gon
As shown in [3 ], the initial conditions for the system (1.1) will be

21 (0) = Ay -+ Bt + E, + B, 5_:1(0)=Bo+az
22 (0) = pr (A + B1) + P2 (Bo +Bs), 22 (0) = p1(By + B) (2.3)

The quantities 8;, B, and B, are functions of g which vanish at p = 0.
Then, according to [3] the solution of the original system (1.1) can be
represented in the form

21 (1) = 2@ (1) 4+ 2 (1), 2y (1) = prV (1) + pax® (1) (2.4)

The expansions of x(l)(t) and 227 (¢) in powers of the parameters Bl.
By, B; and g are of the form

® (t) = (4, + B1) cos 0z L } B“Oj: B2 gin oyt + (2.5)
< or é)C ac, (1) aC, (1) 1 8°C,, (oY)
+ Z [Cn(l)(t)+ 0A Bl+ 3B, Bz 4+ (7E' Bs + 5 0A2 BiP+...ju™ -
n=1
(1) = (E, + Bs) cos wst +
[0}
Cn( 8C,, (2} aC, (2) 1 02C, (2)
+ 2[0 (2)(t)+ 94, B+ 8B, 2+ o, Bs + 2 GAZ ﬁl ]P‘n

The values of Cn(l)(t) and Cn(z)(t) are determined by means of the
formulas

~

CO =75 (mw m—— ml\'Rnﬂ) (") sin @y (£ — t) dt”
6 (2.6)
!
Ca? ()=7% wf)szan)Uﬁshlsz‘~lﬁdV
0
where
R, (1) = (622 — 0}23) Hyy (1) — (612 — ©,%ang) Hop (1) r=12 (27

Ay = Q11822 — A12821 (2.8)
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The following functions will also be used below:
Cin=C PO+ C2 1),  Con ()= pCaV (1) + puC, 2 (1) (2.9

The values Hln(t) and H,,(t) which enter Formula (2.7) are equal to
i Al
Hin () = gy ()

g_ng dp‘ﬂ-—-], =0 {i==1,2}

(2.10)
Explieitly, the first three functions of H. (t) are
Hﬁ (i) = Fi (Q:f{}t P20, é:iﬂx -3”33, 0)
: oF;\ ., . (0F;
Hi () = (8:731> Cn'!'( )Ocn (61‘3) 021+( )0 021+< Em )0
1 [/ 3%F; 1 N ARF;
Haw =7 () 0o+ 7 (), Gt 3 (5 ) 0o+
__3; _Bfﬁ) & i 65}9' R , 02F; ) .
+ 3 ( Barg? +73 ( ap,ﬂ (axi 32, )a CuCu+ ( —n CaCat +
PF, . &°F, ) 2, )
c.
+ (awxlaxn)QCHCﬂ‘*‘ ( ) Cy m+( 922 11 zx+( 2 02 Cy Gy +
F; i

. ! 535‘{ ItF;
By 39) Cn+ ‘\33:359) Cu+ {33:3 ('}p) Cn'\"( ) 621"}{'

aF; aF; aF;
+(“‘a‘x_tl‘) Cw+( 7l)Cns*-I»-( \022'4"(

) O (2.41)

3. The conditions of periodicity for xl(t). :2(1) and their first de-~
rivatives will be

21Ty o) = Ag =+ B1 + By + B3,

21 (0) = By 4B,
29 {Tg -+ ) = p1(Ay + Ba) + p2 (Eq -+ Ba)s

2 (0) = p1 (By + Bo) (3.1)

One of these conditions, for instance the periodicity coendition for
x1€t}. will be used for the determination of the parsmeter ¢ as an
implicit function of the remaining parameters

a=a (Bl! Bﬂ- va H)

We shall seek the value of a in the form of a series in integral
powers of these functioms. Since a approaches zero as u = 0, and since
the derivatives of any order of a with respect to B;. B, and ﬁs are equal
to zero for ¢t = T, and g = 0, the expansion of a has the form

o0

4N, N, Ny, ., 1 &N, ]
o = E [Nn (TQ)“{-«g‘g B 4 EW%-‘BE+ 3B, B -+ 2 5Ag B2+ ... | u* (B
e}
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By successively differentiating the equation 51(1b + a) = B0 + B2
with respect to p we find

1 . .
<g%>o = P, Cu (To) =Nu(To) (3.3)

02 27. .. 1 .
(5),= 5 €1 (T +Eu (T Ny (T0) — - oot (T) | = 20 (T

(Wi)—i[c To) -Cra (To) N1 (To) + —C (T)NZ(T)+LQN3(T)“
s/~ Py 13 (To) 4-C12 (To) N1 (To) + 5 C11 (To) Ni* (L) + 5 Q¥ (Lo

— Bowy® Ny (To) Ny (To) + C11 (To) N2 (To)]= 6N, (To) ete.

where

Py = Ayon® + Egw,?, Q1 = Aow,? -+ Eoo*

The condition for the existence of the expansion (3,2) is the inequal-
ity P1 £ 0.

By expanding in terms of the parameter a the left-hand sides of the
remaining periodicity conditions and substituting into them the a's from
Formula (3.2) we obtain for j =1, 2, 3

* { oM oM oM, 1 0*M,

S| M@0+ 57 8+ 55, B o+ B Bt T gAr w+...Jun=0 (3.4)
n=1

[}
Now we compute in all three conditions the first three coefficients
of the powers of the parameter pu. The coefficients of the first power of
j are

M1 (To) = Cuu (To) + BoN1 (To)
M1 (T'o) = Car (To) + p1BolN1 (T) (3.5)
M1 (To)= Cu1 (To) — PyNy (TY)

The coefficients of the second power of g are

My (To) = C1a (To) + BoNa (To) + 3 PIN:2(To)
Mo (To) = Ca (To) -+ puBoNa (To) + 3 PaN(To) (3.6)
My (To) = Ca (Tg) — PaNy (To) + Car (To) N1 (To) — 3 p1Bowi® Ni? (To)
The coefficients of the third power of u are
(3.7)
M3(T'o)= Ciz (To) + BolNa (T'o) + PiN1(To) N 2(T0)—;—611 (To) Ni2(To) + ':‘;' Bo 02N:3(T)
My (T) = Cas (To) + PrBolN3 (To) + Po N1 (To) Na(To) — % Ca1 (To) N1* (To) +
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+ %{ PiBew® Ni® (T)
Mg (To) = Cuz (To) — PolNs (To) — p1Bo 012N1 (To) Na (To) + Co (To) N (To) +
o Bag (To) Ny (Tg) + = Con (To) Ne2 (To) + ¢ QuV1*(To)

The following notation was used in the above formulas:
Py = p1Aow;® + pafo 07, Q2 = prAgan® -+ poliemy?

4. Let us assume that the parameters §;, B, and B; can be expanded in

series
co

o oo
Br= Z Anp™, B2 = 2 Bau, Bs = 2 Ep" 7RY)
n—=1

n==1 n=1

Substitute the values of these parameters into Formula (3.4) and
equate to zero the coefficients of equal powers of u. Equating to zero
the coefficients of the first power of u yields in all three conditions

My {To) =0, My (To) =0, My (To) =0 (4.2)

From these three equations the coefficients AO.BO and Eo are obtained,
We shall call these equations the equations of the fundamental ampli-
tudes.

By equating to zero the coefficients of the second powers of u we
obtain

oM oM oMy

M3 (To) +A1‘5“4%1‘ +Bl‘5ﬁ+ E; jE':"to
oM oM oM

M (To)+ 4 540+ B1 g, + B1 5, =0 (.3)
6M31 aMsl aMﬂl

Maa(To)+A179§;+Bx'5B;+Exm:=0

If the Jacobian

D(Mu, le. 1"131)
D (A(}' B&’ EO)

0 (44

then one can determine the coefficients Ay, Bl and El from Equations
(4.3).

By equating to zero the coefficients of the third powers of p we obtain

oMy My oMy 1 0°Myy 1 My 1 N My
ﬂm+&ﬁa+%ﬁg+%ﬁg+7wﬁﬁ%@WF@F+§&QE?+

62M11 azMn aﬁMn 8M12 6M12 6M12 .
+ABr a5 p + A 5455, T Bifs 55 a8, + 41 54, + Bigp, T g, =0
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and two other analogous equations. From these equations we find the
coefficients Ay, 82 and E,. Further conditions are also linear equations
in AL, Bn and E,. Thus the coefficients A, Bn and E, are determined
successively from systems of three linear equations with one and the same
determinant equal to the above Jacobian. If this Jacobian goes to zero,
then for the existence of periodic solutions, it is necessary that the
Jacobian matrix and the expanded matrix resulting from the addition of a
column with the free terms of the equations have one and the same rank.
For the determination of the coefficients Ay, B1 and E, one needs here an
equation not lower than of second degree. Thus the vanishing of the
Jacobian denotes either the absence of a periodic solution or a bifurca-
tion of the generating solution.

If Equations (4.2) are satisfied identically, then the solvability of
an infinite system of equations in An, Bn and E, will be tied to the non-
vanishing of the Jacobian

D (M2, Mg, Msgy)

etc.
D(A(): Bds Eu)

Once the coefficients A , B, and E, are known, one can find the cor-
rection of the period in the form of a power series in pu. We substitute
the values of $,, B, and B; into Formula (3.2) and collect terms of equal
powers of p. We obtain

oo
a=T, D) hp" (4.5)

The first three coefficients hl, h2 and h3 have the values

1 1 ON; oN,
hl:T—ON(To) h2= [ Ny (T °)+A16A +B16B + Ey BE] (4.6)
1 aN, _ oN oN, 1 8°N, 2N, 1 0N,
hs = [N3(T)+A26A +BzaB + B2 g, + 5 As° aA2+zBl 3Bz T2 gpe t
82N 92N, 82N, PIA 8Ny 3N,
+ AiBr g a}j + B 5g5E; + BiE 5p 58, 4154, +P1gE, T E1 3R,

For the construction of a periodic solution of the system (1.1) with
a period that is not dependent on the parameter p we perform a change of
the dependent variable by means of the formula

=T+ R+ hop® 4 .. ) (4.7)

and we shall seek the solution in terms of the function r. This solution
will have a period equal to T,.

By substituting t from Formula (4.7) into the functions Cin(t),
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cos wt and sin wt and expanding them into series in p we obtain

Cint) = Ci(v) + hy7Cy (I +- . . .
€0s ®f = €0S WT — kT sin ®T p— (A7 sin ot + % hot2cos otT) p2 4. ..

. . 1 .
sin ot = sin ©T 4 ~10T cos 0T b+ (h207T c0s 0T — 5 ke sineT)p? 4. ..

The functions x,(t) and x,(t) will be represented in the form of
series of integral powers of the parameter pu

Ty (t) = Ty (I') + ,J‘xk]_ (T) + p‘zxkg (T) + ... (k=1,2) (48)
where

20 =2,0 () + 2,2 (¥),  2,,(0) = pz, P (¥) + px,® () (4.9)

The generating solution is determined by Formula (2.1). For the
following two coefficients we obtain

(4.10)
B
2, (1) = A4; cos ot + (D_i sin@yt 4+ ;Y (1) — Iyt (4,01 sin 03T — B, cos ©,T)

2, (1) = B, cos 0,7 + CI(Z) (v) — hyTE 0y sin 0,7

6C; (1) aC, (1) 301(1)
2,1 (v) = A, cos g7 -|- — SHl o7 + GV (v) + A 5 — a4, + By 53— 3B, + £ _O—E—o+

+ htCD (1) — T [0 (h1dy -+ hedy) sin 01T — (kg By + haBy) cos ort] —
— l 212wy (Ao cos 01T + By sin o171)

aC,® 8C,® 50,
2 (1) = By cos @t + G (¥) + i 54—+ By 55— + E1 5p— + hvCi® (1) —

— Ty (h]El + thO) sin Wt — E hlzfz(l)ngO COS W, T

The problem of the determination of the radius of convergence of the
series derived in this paper has not been studied,

5. Now we turn to the second case, where the frequencies @, and w,
are different but non-commensurate. A periodic solution of the generat-
ing system can be achieved with one of these frequencies. We shall seek
a periodic solution of the original nonlinear system (1.1), which, for
instance, turns into the generating system for u = 0 with the frequency
@)

210 (t) = AO cos wy!, Zog (t) == Ple CcOS ;¢ (51)

This is a single-parameter family of solutions. The initial conditions
for the system (1.1) will be in this case
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21 (0) = Ao+ B, #(0)=0, 20)=p(d+B), #O)=0 (52

The given case is a special case of the previous one and the solution
for it can be obtained from formulas derived for the first case by let-
ting there

B,=0, E,=0 (=012 Cin(t) = €, (1), Coptt) = pC, 1V (1)

n

Consequently, the solution of the original system (1.1) in the case of
different but non-commensurate frequencies will be of the form

@1 (1) = 2% (1), @ (1) = p'? (1) (5.3)

The analysis of the given solution for systems with one degree of
freedom [2 ] can be applied entirely to the present case.

6. Let us study the case of equal frequencies W = Wy = W It is known
that in this case the following relation holds between the coefficients
of the equations of the generating system:

€11 C12 Ca2
_1“ — = T = (.02
a1y a12 a2

The original system (1.1) takes on the form

anfay + 0% Aaga(Es + 0e) = WFy (X1, T2, T1, T2, W)

g1 {71 + ©21) + an (75 + @y) = pFy (21, T2, 1, 2, 1)
From this we obtain
71 + 0k, = AE[; (ageF1 — ayoFs) = WF* (21, %, 1, Tz, 1) (6.9)

st oty = A (anFa — anFy) = RS (@, 70, 51, 2, 1)
[}

Because of the autonomous quality of the system one can let £2(0) = 0.
Then the solution of the generating system will have the form

B - ,
x1g (1) = Ao €08 ©t -~ ’69 sin w?, Ty (1) = 7y cos w! (6.2)
The initial conditions for the original system (1.1) will be
21(0) — Ao B1, @1 (0) = Bo+Ba  wm(0)=Ee+ B #mO)=0 (63

In this case thq expansions of the functions xl(t) and %o (t) in terms
of the parameters ;3,, B,, B; and g are of the form
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(6.4)
B, + B2

21 (8) = (4o -+ BI) cos wt -+ sin ot 4

6 n n

n==1

Z3 (a‘f) = (Eo -+ Bs ¢os ot -+
+Z[mu o gy S gy oy L T

The functions Cln(t) and Czn(t) can be found by means of the formula
1t

Cip () = 58 H, () sino (t —t)dt’ (i=1,2) (6.5)
[¢]

The quantities H; *(t) are determined by means of Formulas (2.11)
where the functions F; should be replaced by Fi‘.

In order to find the coefficients Nn and M-n for a given case it is
necessary to make the following substitutions in the above-obtained
formulas for the case of different and commensurate frequencies:

P1 Agm Q1 = AQ(X)4, Pg = Eo(j)g, Qg = EQ({)Q‘, P = O

The coefficients of the series which represent the solution xl(t) and
z,(t) 1in the given case will equal

20 = 2,0, 2, (1) =2,(1) (6.6)

Here, instead of the quantities Cn(l)(r) and Cn(Z)(r} it is necessary
to substitute the quantities Cip(r) and Cén(r), respectively, according
to Formula (6.5), and @, and @, should be replaced by w.
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